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Abstract. Most graph-theoretical clustering algorithms require the complete adjacency relation of the graph representing the examined data.
This is infeasible for very large graphs currently emerging in many application areas. We propose a local approach that computes clusters in
graphs, one at a time, relying only on the neighborhoods of the vertices
included in the current cluster candidate. This enables implementing a
local and parameter-free algorithm. Approximate clusters may be identiﬁed quickly by heuristic methods. We report experimental results on
clustering graphs using simulated annealing.

1

Introduction

Many practical applications of information processing involve massive amounts
of data, much of which tends to be noise, and only a small fraction contains
semantically interesting information. In general, clustering is the process of organizing such data into meaningful groups in order to interpret properties of the
data. Some general clustering methods operate online [2, 9], but practically all
existing methods require some parameters in addition to a distance measure,
such as the number of clusters to produce. In graph clustering, the data consists
of a set of n vertices V connected by a set of m edges E. A cluster in a graph
G = (V, E) is considered to be a set of vertices that have relatively many connections among themselves with respect to the graph structure on a global scale.
The existing methods are mostly global and rely on the full adjacency relation
of the graph or a derived measure, such as the graph’s eigenvalue spectrum [3].

2

Local Clustering

For many applications, only a small subset of vertices needs to be clustered
instead of the whole graph. These include locating documents or genes closely
related to a given “seed” data set. This motivates the use of a local approach for
ﬁnding a good cluster containing a speciﬁed vertex or a set of vertices by examining only a limited number of vertices at a time, proceeding in the “vicinity”
of the seed vertex. The scalability problem is avoided, as the graph as a whole
never needs to be processed and clusters for diﬀerent seeds may be obtained by
parallel computation.
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We adopt the following notation: in a graph G = (V, E), a cluster candidate
is a set of vertices C ⊆ V . The order of the cluster is the number of vertices
included in the cluster, denoted by |C|. Two vertices u and v are said to be
neighbors if (u, v) ∈ E. Following common criteria [3, 5, 8], we want the clusters
to be vertex sets that are connected in G by many internal connections and only
few connections outside. We deﬁne the internal degree of a cluster C to be the
number of edges connecting vertices in C to each other:
degint (C) = |{(u, v) ∈ E | u, v ∈ C}|.

(1)

The local density1 of a cluster C is
δ (C) =

degint (C)
|C| =
2

2 degint
.
|C|(|C| − 1)

(2)

Clearly, optimizing δ ∈ [0, 1] alone makes small cliques superior to larger but
slightly sparser subgraphs, which is often impractical. For clusters to have only
a few connections to the rest of the graph, one may optimize the relative density
δr (C) (see [6] and the references therein); it is deﬁned in terms of the internal
degree degint (Equation 1) and external degree of a cluster C,
degext (C) = |{(u, v) ∈ E | u ∈ C, v ∈ V \ C}|,

(3)

as the ratio of the internal degree to the number of edges incident to the cluster,
δr (C) =

degint (C)
,
degint (C) + degext (C)

(4)

which favors subgraphs with few connections to other parts of the graph. Possible
combinations of the above measures are numerous; in this paper we use the
product as a cluster quality measure:
f (C) = δ (C) · δr (C) =

2 degint (C)2
.
|C| (|C| − 1)(degint (C) + degext (C))

(5)

The complexity of optimizing Equation 5 can be studied through the decision
problem of whether a given graph G has a k-vertex subgraph C for which f (C) ≥
γ for some ﬁxed k ∈ N and γ ∈ [0, 1]. Especially, we are interested to know
whether there is such a subgraph that contains a given vertex v. Both δ (C) and
δr (C) alone correspond to NP-complete decision problems; the complexities of
these and other cluster ﬁtness measures are discussed in a separate paper [11].
2.1

Computation by Local Search

Calculation of the proposed ﬁtness measure only requires the adjacency lists of
the included vertices. Therefore, a good approximation of the optimal cluster
1

For |C| ∈ {0, 1}, we set δ (C) = 0.
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for a given vertex can be obtained by local search. To locate a cluster containing
a given vertex v ∈ V from a graph G = (V, E), we stochastically examine
subsets of V containing v, and choose the candidate with maximal f as C(v).
The initial cluster C  (v) of a vertex v contains v itself and all vertices adjacent
to v. Each search step may either add a new vertex that is adjacent to an
already included vertex, or remove an included vertex. Upon the removal of
u ∈ C  (v), u = v, the connected component containing v becomes the next cluster
candidate. Redeﬁning degext = |{u, v ∈ E | u ∈ C, v ∈ V \ C}| allows clustering
directed graphs. Our clustering of a 32,148-vertex directed graph representing
the Chilean inter-domain link structure is discussed in [12].
The method is well-suited for memory-eﬃcient implementation: if the graph is
stored as adjacency lists, v : w1 , w2 , . . . , wdeg(v) , only one such entry at a time
needs to be retrieved from memory. For n vertices, the entries can be organized
into a search tree with O(log n) access time. The search needs to maintain only
the following information:
(a) the list of currently included vertices C,
(b) the current internal degree degint (C) (Equation 1), and
(c) the current external degree degext (C) (Equation 3).
When a vertex v is considered for addition into the current cluster candidate
C, its adjacency list is retrieved and the degree counts for the new candidate
C  = C ∪ {v} are calculated as follows:
degint (C  ) = degint (C) + k,

degext (C  ) = degext (C) − k + ,

(6)

where k = |C ∩ Γ (v)| and  = deg(v) − k, Γ (v) denoting the set of neighbors of
vertex v. The removal of vertices from a cluster candidate is done analogously,
subtracting from the internal degree the lost connections and adding them to the
external degree. The memory consumption is determined by the local structure of
the graph. The order of the initial cluster is limited from above by the maximum
degree of the graph ∆ plus one; in natural graphs, usually ∆
n and |C|
n.
Hence examining the adjacency lists of the vertices included in the ﬁnal cluster
candidate takes O(∆·|C|) operations. The extent to which the graph is traversed
depends on the local search method applied.

3

Experiments

We have conducted experiments on natural and generated nonuniform random
graphs. As natural data, in addition to the web graph discussed in Section 2,
we used collaboration graphs [7]. We guide the local search with simulated annealing [4]. For generalized caveman graphs [13] consisting of a set of interconnected dense subgraphs of varying order, the method correctly identiﬁes any
dense “cave” regardless of the starting point; an example is shown in Figure 1.
For illustrations of collaboration graph clusterings, see [13]. In other work [14],
we also discuss the applicability of the clustering method in mobile ad hoc networks for improved routing.
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Fig. 1. On the left, an example caveman graph with 55 vertices and 217 edges; each
cave (encompassed by a dotted line) is correctly identiﬁed as a cluster by the local
method. On the right, the adjacency matrix of a caveman graph with 210 vertices
and 1,505 edges; the left one uses random vertex order, reﬂecting very little structure,
whereas the one on the right is sorted by the clusters found and reveals the graph
structure

As local search procedures are not prohibited from traversing further away
in the graph or revisiting parts of the graph, it is interesting to examine whether
the extent to which the search traverses the graph has a signiﬁcant eﬀect on the
clusters that the algorithm chooses. We clustered the largest connected component of a scientiﬁc collaboration graph with 108,624 vertices and 333,546 edges.
We varied the number of independent restarts R ∈ {20, 40, . . . , 100} per search
vertex and the number of cluster modiﬁcation steps S (from 200 to 1,000 in
increments of 100) taken after each restart for simulated annealing. The Figure 2 shows the ratio of the number of vertices visited during the search to
the ﬁnal cluster order, averaged over 100 vertices selected uniformly at random; the ﬁnal orders are plotted for reference. Figure 2 plots the ratio of the
number of vertices visited and the ﬁnal order of the selected cluster using R
restarts of S steps averaged over 50 randomly selected vertices. The extent to
which the graph is traversed grows much slower than the number of modiﬁcation steps taken, implying high locality of the search. As the iteration count is
increased, the relative diﬀerence gets smaller, which indicates that the number
of vertices visited practically stops growing if the increasing possibility for random ﬂuctuations is ignored. The distributions of the cluster orders over three
R/S-pairs of the same graph are shown on the right in Figure 2; the distribution
changes very little as the parameters are varied, indicating high stability of the
method.
We compared the clusterings obtained with the local method to the clusterings of GMC (Geometric Minimum Spanning Tree Clustering) with additional
linear-time post-processing and ICC (Iterative Conductance Cutting) [1] for caveman graphs of diﬀerent orders. For each graph, we compared the clusters of each
vertex obtained with the three methods by calculating what fraction (shown
in percentages) of the vertices of a cluster A determined by one method are
also included in the cluster B determined by another method. Table 1 shows
the results for a caveman graph with 1,533 vertices and 50,597 edges; the results
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Fig. 2. On the left, the ratio of the number of vertex visited (i.e., the visit count for
an (R, S)-pair) to that of the number of vertices selected in the ﬁnal cluster (i.e., the
cluster order) averaged over 100 vertices selected uniformly at random and repeated 50
times per vertex. In the middle, the average ﬁnal cluster orders of the same experiment
set. On the right, the distribution of the number of vertices per cluster for a large
collaboration graph (with 108,624 vertices and 333,546 edges) for three diﬀerent R/Spairs, where R ∈ {10, 25, 50} and S = 10R
Table 1. Denote by A the cluster chosen by one method for vertex v, and by B
the cluster chosen for v by another method. If the two methods agree, the overlaps
a = |A ∩ B|/|B| and b = |A ∩ B|/|A| are high. For three clusterings of a caveman
graph, the percentages p of vertices for which the values a and b fall into a certain
range are shown. The values are to be interpreted as follows: if a = a1 and b = b1 ,
then a1 percent of cluster B (the method of the right column) is included in A (the
method of the left column) and b1 percent of cluster A is included in B. The ﬁgure
on the right shows a single cave in a 649-vertex graph; the small circles are neighbors
in other caves. The shape of the vertex indicates its cluster for the post-processed
GMC (with three clusters overlapping the cave) and the color indicates the clustering
of ICC (seven clusters overlap); the local method selects the entire cave for any start
vertex
Local
a
all
all
all
(86, 97)
(3, 57)

GMC
b
all
(74, 95)
(2, 24)
all
(5, 87)

p
74
14
4
5
3

Local
a
all
all
all
all

ICC
b
(11, 14)
(22, 27)
(5, 7)
(46, 54)

GMC
p
a
45
all
12
all
36
all
6 (80, 91)
[50, 67)
(71, 89)
(9, 46)

ICC
b
(5, 14)
(22, 34)
(40, 55)
(7, 31)
(5, 20]
(45, 55)
(2, 100]

p
71
10
2
7
4
3
3

for the smaller graphs allow the same conclusions. ICC splits the caves into small
clusters, which is a sign that it fails to recognize the cave boundary on which
the density jump takes place. GMC and the local method agree in a majority
of cases exactly in cluster selection, and even when they diﬀer, one is usually a
subset of the other. GMC and ICC agree poorly with each other.
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Conclusions

In this paper we have deﬁned a local method for clustering. The method requires
no parameters to be determined by the user, nor does it estimate parameters
from the dataset; only the local search method being employed may require parameters. No knowledge of the structure of the graph as a whole is required,
and the implementation of the method can be done eﬃciently. The experiments
show that approximate clustering with our measure produces intuitively reasonable clusters without extensive traversing of the graph. Employing a local
method in the presented way is likely to produce an approximation of some
global clustering method; we hope to determine as further work how our local
method relates to other methods, such as spectral clustering discussed in [3]. For
another local method, see our recent paper [10].
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